Abstract. We give a new construction of slice knots via annulus twists which provides potential counterexamples to the slice-ribbon conjecture. Among them, the knots constructed by Omae are the simplest ones. In our previous work, we proved that one of them is a ribbon knot. In this paper, we prove that the rest are also ribbon knots.
Introduction
Annulus twist is a certain operation on knots along an annulus embedded in the 3-sphere S 3 . Osoinach [Os] found that this operation is useful in the study of 3-manifolds. Using annulus twists, he gave the first example of a 3-manifold admitting infinitely many presentations of 0-framed knots. For more studies, see [BGL, K, Tak, Te, Om] .
As a corollary, we give the affirmative answer to the conjecture 3.4 in [AJOT] .
Corollary 3.2. Let K be a knot admitting an annulus presentation and K n (n ∈ Z) the knot obtained from K by the n-fold annulus twist. Then
where g * denotes the 4-ball genus.
Here recall the slice-ribbon conjecture. A knot in S 3 = ∂B 4 is called slice if it bounds a smoothly embedded disk in B 4 . A knot in S 3 is called ribbon if it bounds a smoothly immersed disk in S 3 with only ribbon singularities. It is well known that every ribbon knot is slice. The slice-ribbon conjecture states that any slice knot is ribbon. There are some affirmative results on this conjecture, see [CD, GJ, Le, Li] . On the other hand, Gompf, Scharlemann and Thompson [GST] demonstrated slice knots which might not be ribbon. We note that there is no apparent reason for the slice knot K n in Theorem 3.1 to be ribbon. A natural question is the following:
Question. Is K n in Theorem 3.1 a ribbon knot?
The simplest slice knot admitting an annulus presentation is 8 20 in Rolfsen's table of knots. Let K n (n ≥ 0) be the knot obtained from 8 20 (with an appropriate annulus presentation) by the n-fold annulus twist, which was studied in [Om] . In the previous paper [AT] , we proved that K 1 is a ribbon knot. The second result is the following.
Theorem 5.4. The knot K n (n ≥ 0) is ribbon.
It is not clear whether other slice knots obtained by our construction are ribbon or not. This paper is organized as follows: In Section 2, we recall some definitions which we will use. In Section 3, we prove the main result (Theorem 3.1). First, we give a handle decomposition of W (K n ). After adding a canceling 2/3-handle pair to W (K n ) suitably, we prove W (K n ) ≈ B 4 . In Section 4, we give an alternative proof of Theorem 3.1 in a special case by a log transformation. In Section 5, we give a sufficient condition for a slice knot to be ribbon. As an application, we prove Theorem 5.4. In Section 6, we discuss some questions.
Notations. We denote by M K (n) the 3-manifold obtained from S 3 by nsurgery on K and by X K (n) the smooth 4-manifold obtained from B 4 by attaching a 2-handle along K with framing n. The symbol ≈ stands for a diffeomorphism. In figures, we denote by ∼ an isotopy and by → a handle slide, a handle canceling or a blow-up. Grant Number 23840021, 255998. The second author was supported by JSPS KAKENHI Grant Number 24840006. The first author thanks Charles Livingston for explaining Lemma 2.1 which is the starting point of this project.
Preliminary
In this section, we define an annulus twist, annulus presentation and recall the knots constructed by Omae and homotopy 4-balls.
Annulus twist. Let A ⊂ S 3 be an embedded annulus as in Figure 1 and set ∂A = c 1 ∪ c 2 . An annulus twist along A is to apply Dehn surgery on c 1 and c 2 along slopes 1 and −1 respectively which yields a diffeomorphism ϕ :
is an open tubular neighborhood of ∂A in S 3 . For this diffeomorphism, see [Os] or [Te] . An n-fold annulus twist along A is to apply Dehn surgery on c 1 and c 2 along slopes 1/n and −1/n for n ∈ Z yields the diffeomorphism ϕ n .
Annulus presentation. The first author, Jong, Omae and Takeuchi [AJOT] introduced the notion of an annulus presentation 1 of a knot for which we can associate an annulus.
We recall the definitions of an annulus presentation of a knot as follows: Let A ⊂ R 2 ∪ {∞} ⊂ S 3 be a trivially embedded annulus with an ε-framed unknot c in S 3 as shown in the left side of Figure 2 , where ε = ±1. Take an embedding of a band b: . Throughout this paper, we assume that A ∪ b(I × I) is orientable. This means that we deal with only 0-framed knots, see [AJOT] . For simplicity, we also assume that ε = −1.
3 , then we say that K admits an annulus presentation (A, b, c) . A typical example of an annulus presentation of a knot is given in Figure 2 . Let K be a knot admitting an annulus presentation (A, b, c) . Shrinking the annulus A slightly, we obtain an annulus A ′ ⊂ A as shown in Figure 3 . Let K n be the knot obtained from K by the n-fold annulus twist along A ′ . We call K n the knot obtained from K by the n-fold annulus twist without mentioning A ′ . The first author, Jong, Omae and Takeuchi proved the following.
Lemma 2.1 ( [AJOT] ). Let K be a knot admitting an annulus presentation and K n (n ∈ Z) the knot obtained from K by the n-fold annulus twist. Then
If K is a slice knot, then K n bounds a smoothly embedded disk in a homotopy 4-ball
Remark 2.2. Under the assumption of Lemma 2.1, we can also prove that X K (0) ≈ X Kn (0), see [AJOT] . The homotopy 4-ball W (K n ) in Lemma 2.1 depends on the choice of a diffeomorphism between M K (0) and M Kn (0).
The knots obtained from 8 20 and homotopy 4-balls. Let 8 20 be the knot in the center of Figure 2 . Then it admits an annulus presentation, see the right side of Figure 2 . Let K n (n ≥ 0) be the knot obtained from 8 20 by the n-fold annulus twist. Omae studies these knots in [Om] . We prove the following. Lemma 2.3. The above knot K n (n ≥ 0) bounds a smoothly embedded disk in a homotopy 4-ball W n such that ∂W n ≈ S 3 and it has the handle decomposition as in Figure 4 .
For the dotted circle notation for the complements of ribbon disks, see subsection 1.4 in [A] (see also subsection 6.2 in [GS] ). The first half of this lemma follows from Lemma 2.1. For the sake of completeness, we give the proof. Fig- ure 5 (here we ignore the framed knots colored red). For the detail of this diffeomorphism, see [Te] .
The knot K = 8 20 is ribbon. Indeed, if we add a band along the dashed arc as in the left side of Figure 6 , then we obtain the two component unlink.
Let D 2 be the corresponding smoothly, properly embedded disk in B 4 such that ∂D 2 = K and X the 4-manifold obtained from B 4 by removing an open tubular neighborhood of D 2 in B 4 (see Figure 7 ). Note that ∂X is (naturally) diffeomorphic to M K (0). If we attach a 2-handle along the meridian of K in M K (0) ≈ ∂X with framing 0, then the resulting 4-manifold is diffeomorphic to B 4 . The homotopy 4-ball W n is obtained from X by attaching a 2-handle along the meridian µ n of K n in M Kn (0) ≈ ∂X with framing 0. Schematic pictures are given in Figure 7 . The knot K n is isotopic to the boundary of the cocore disk of the 2-handle attached along µ n . Thus K n bounds the cocore disk in W n , that is, a smoothly embedded disk in W n .
Next, we draw a handlebody picture of W n . Recall that X has the handle decomposition as in the right of Figure 6 . The diffeomorphism from ∂X to M K (0), we denote it by g, is given by changing a dot to 0. By the construction, W n is obtained from X by attaching a 2-handle along (f n • g) −1 (µ n ) in ∂X with a suitable framing. By Figure 5 , the framing is n 2 − n and W n has the handle decomposition as in Figure 4 .
represented by the first picture. The second picture is obtained by a blow up. Third picture is obtained by (the inverse of) an annulus twist. The last picture is obtained by a handle slice.
Then we obtain M Kn (0) from the last picture by an annulus twist and a blow down. 
A construction of slice knots via annulus twists.
In this section, we prove the following theorem by introducing a canceling 2/3-handle pair. Theorem 3.1. Let K be a slice knot admitting an annulus presentation and K n (n ∈ Z) the knot obtained from K by the n-fold annulus twist. Then the homotopy 4-ball W (K n ) associated to K n is diffeomorphic to B 4 , that is,
In particular, K n is a slice knot.
Proof. First we consider the case K = 8 20 with the annulus presentation as the right side of Figure 2 and n ≥ 0. By Lemma 2.3, K n bounds a smoothly embedded disk in the homotopy 4-ball W n given by the picture in Figure 4 . We prove the following claim.
Claim 1. W n also has the handle decomposition given by the picture in Figure 8 . Proof. Inserting a canceling 1/2-handle pair to W n , we obtain the first picture in Figure 9 . Note that, in Figure 9 , we ignore the dashed arc because it is disjoint from the handle slides below. By handle slides, we obtain the second picture. By inserting a canceling 1/2-handle pair to W n and handle slides, we obtain the third picture. After a 1-handle slide (and a 2-handle slide, annihilating a canceling 1/2-handle pair and isotopy), we obtain the last picture. Therefore, W n has the handle decomposition given by the picture in Figure 8 . Claim 2. W n ≈ W n−1 .
Proof. We show that γ, λ ⊂ ∂W n described in Figure 10 are isotopic and each curve is the unknot in ∂W n = S 3 . By Claim 1, W n has the handle decomposition given by the first picture in Figure 10 . We replace the two dotted circles with the zero-framed circles. Then we obtain the second picture in Figure 10 . Handle calculus in Figure 10 illustrates the diffeomorphism from ∂W n to S 3 . Furthermore, if we regard γ (or λ) as a −1-framed knot, then it is isotopic to the 0-framed unknot in S 3 . Now we insert a canceling 2/3-handle pair to W n . Then W n is diffeomorphic to the first picture in Figure 11 . By a handle slide, we obtain the second picture, which is diffeomorphic to W n−1 .
4 and K n is a slice knot.
∂ ≈ Figure 10 . A specific diffeomorphism identifying ∂W n with S 3 which tells us that two curves γ, λ ⊂ ∂W n are isotopic.
We consider a general case. First we assume that n ≥ 0. In this case, we can also associate a diffeomorphism f n : M K (0) → M Kn (0) as described in Figure  5 . Let µ n the meridian of K n in M Kn (0). Then f −1 n (µ n ) is as in the first picture in Figure 12 . Since K is slice, after adding an l-component unlink which is separated from K, there exist mutually disjoint bands B 1 , · · · , B l+m such that if we surgery along these bands, then we obtain the (m + 1)-component unlink. Furthermore, (by deforming these bands slightly) we can assume that embedded disk in a homotopy 4-ball W (K n ) which has the handle decomposition as in the second picture in Figure 12 . Note that, we do not draw dashed arcs in Figure 12 . It is not difficult to show that W (K n ) has the handle decomposition as in the third picture in Figure 12 . Furthermore, for n ≤ 0, W (K n ) also has the handle decomposition as in the third picture in Figure  12 similarly. Then we can prove that W (K n ) ≈ B 4 by the same argument. Therefore K n is a slice knot. As a corollary of Theorem 3.1, we obtain the following.
Proof. First, since K can be transformed into the unknot by two band surgeries, we see that g * (K) ≤ 1. Suppose that g * (K) = 0, then g * (K n ) = 0 by Theorem 3.1. Suppose that g * (K) = 1. Here note that K n naturally admits an annulus presentation and K is obtained from K n by the −n-fold annulus twist (see Remark 2.4 in [AJOT] ). If g * (K n ) = 0, then g * (K) = 0 which contradicts our assumption. Therefore g * (K n ) = 1.
Log transformation and fishtail neighborhood
In this section, we give an alternative proof of Theorem 3.1 in the case K = 8 20 . More precisely, we prove that W n and W 0 are related by a log transformation along a certain torus in W n , where W n is the homotopy 4-ball given by the picture in Figure 8 . Lemma 4.1 due to Gompf ensures that W n and W 0 are diffeomorphic, which implies that W n ≈ B 4 .
Log transformation. Let X be an oriented 4-manifold, T an embedded torus with T · T = 0 and ϕ :
Suppose that
for some essential simple closed curve γ in T . Then we call this surgery a logarithmic transformation with multiplicity p, direction γ and the auxiliary multiplicity q. If p = 1, we call this logarithmic transformation a q-fold Dehn twist along T parallel to γ.
Fishtail neighborhood. The fishtail neighborhood F is an elliptic surface which has the handle decomposition in Figure 13 . It is well known that the −1-framed meridian in Figure 13 is isotopic to the vanishing cycle of F . In [G2] Gompf proved the following assertion.
Lemma 4.1 ([G2]
). Let X be a 4-manifold and T be a regular fiber of a fishtail neighborhood F embedded in X. Then the k-fold Dehn twist along T parallel to the vanishing cycle of F does not change the diffeomorphism type of X.
We prove the following.
Lemma 4.2. The homotopy 4-ball W n also has the handle decomposition given by the first picture in Figure 14 .
Proof. We fix a diffeomorphism identifying ∂W n with S 3 . We use the diffeomorphism described in Figure 5 again. Recall that this diffeomorphism tells us that the −1-framed γ is isotopic to the 0-framed unknot in S 3 (for the detail, see the proof of Theorem 3.1). Therefore, by inserting a canceling 2/3-handle pair to W n , we obtain
where W n + γ −1 is the handlebody given by the second picture in Figure 14 . Next we fix a diffeomorphism identifying ∂(W n +γ −1 ) with S 1 ×S 2 described in Figure 15 (for a while, we ignore the curve µ). This diffeomorphism tells us that µ ⊂ ∂(W n + γ −1 ) is the unknot in S 1 × S 2 . Furthermore, if we regard µ as a 0-framed knot, then it is isotopic to the 0-framed unknot in S 1 × S 2 . Therefore, by inserting a canceling 2/3-handle pair to W n , we obtain the first picture in Figure 14 . Now we prove the main result in this section.
Proof of Theorem 3.1 in the case K = 8 20 . The second picture of Figure 16 is a sub-handlebody of W n . By isotopy, we see that it is diffeomorphic to F ∪ ∂ ≈ Figure 15 . A diffeomorphism identifying ∂(W n + γ −1 ) with S 1 × S 2 which tells us that the curve µ is the unknot in S 1 × S 2 .
(1-handle), where F is the fishtail neighborhood. Therefore, by removing the 1-handle, we can find F as a submanifold of W n . Let T be a regular fiber of F embedded in W n . Since the 1-fold Dehn twist along T parallel to γ is 1-untwisting along γ. For the detail, see [AY] or [GS] . Thus the local deformation is as in Figure 17 . As a result, performing the nfold Dehn twist along T parallel to γ and removing the canceling 2/3-handle pair, we obtain W 0 which is diffeomorphic to B 4 . By Lemma 4.1, W n ≈ W 0 . Therefore K n (obtained from 8 20 ) is a slice knot.
A sufficient condition to be ribbon
In this section, we give a sufficient condition for a slice knot to be ribbon (Lemma 5.1) and prove that all the knots obtained from 8 20 by annulus twists are ribbon (Theorem 5.4). Lemma 5.1. Let HD be a handle diagram of B 4 . Suppose that HD is changed into the empty handle diagram of B 4 by handle slides, adding or canceling 1/2-handle pairs. Then the belt sphere of any 2-handle of HD is a ribbon knot.
Proof. Let
be a sequence of handle diagrams satisfying the condition of Lemma 5.1. By rearranging the sequence, we can assume the following.
HD 0 → HD 1 → · · · → HD k (adding canceling 1/2-handle pairs),
HD l → HD l+1 → · · · → HD n (annihilating canceling 1/2-handle pairs).
Let β be the belt sphere of any 2-handle of HD. Then it is the unknot in HD and we denote by β i (i = 1, 2, · · · , l) the corresponding knot in HD i . We see that β l is also the unknot in HD l . Furthermore, we can find a smoothly embedded disk D in HD l such that ∂D = β l , the disk D does not intersect any dotted 1-handles 2 , and D intersects transversely with some attaching spheres of 2-handles as the left in Figure 18 . Let m be the number of intersections Figure 18 , we obtain an m-component link L such that each component is the meridian of the attaching sphere of a 2-handle of HD l .
Finally we consider the sequence HD l → · · · → HD n . Let L ′ be the link in HD n which is corresponding to L. Then it is the m-component unlink in S 3 . In other words, the knot β is deformed into the m-component unlink by band surgeries along m − 1 bands. This means that β is a ribbon knot.
Let 8 20 be the knot with the annulus presentation as in the right side of Figure 2 and K n (n ≥ 0) the knot obtained from 8 20 by the n-fold annulus twist. By Theorem 3.1, K n is a slice knot. There is no apparent reasons for K n to be ribbon. Our result is that, indeed, K n is a ribbon knot. To prove this, we first observe the following.
Lemma 5.2. The slice knot K n is located as in Figure 19 .
Proof. By the proofs of Lemma 2.3 and Theorem 3.1, we obtain this lemma immediately. Figure 19 . The slice knot K n in ∂W n .
Remark 5.3. Let K be any ribbon knot in ∂B 4 . Then it is not difficult to see that B
4 admits a handle decomposition
such that the belt sphere of some 2-handle is isotopic to K, where h 0 is a 0-handle, h 1 i (i = 1, · · · , n) is a 1-handle and h 2 j (j = 1, · · · , n) is a 2-handle. On the other hand, the converse is not trivial. Now we prove the following.
Theorem 5.4. The knot slice K n (n ≥ 0) is ribbon.
Proof. Let HD be the handle diagram given by the picture in Figure 19 . By Lemma 5.2, K n is isotopic to the belt sphere of a 2-handle of HD. By Lemma 5.1, if HD is changed into the empty handle diagram by handle moves without adding canceling 2/3-handle pairs, then K n is a ribbon knot. Such handle moves are realized in Figures 20, 21, 22 and 23. As a result K n is a ribbon knot.
We can draw an explicit ribbon presentation of K n . Keeping track of K n through the handle calculus, we obtain a ribbon presentation of K n as in Figure 24 . Note that arcs in Figure 24 represent parallel curves (with appropriate twists specified by a blackboard framing). 
Some questions
In this section, we discuss some questions.
Let K be a slice knot admitting an annulus presentation, K n (n ∈ Z) the knot obtained from K by the n-fold annulus twist and W (K n ) the homotopy 4-ball associated to K n . In Theorem 3.1, we proved that W (K n ) ≈ B 4 . The first question is the following: Question 1. Is it possible to prove that
by a log transformation ?
In the case where K = 8 20 with an annulus presentation, it is possible. Indeed, we found an embedded fishtail neighborhood in W (K n ) (n ≥ 0) such that the log transformation along the torus (which is a general fiber of the fishtail neighborhood) gives
There is a more fundamental question on annulus twists. Let K be a knot admitting an annulus presentation and K n (n ∈ Z) the knot obtained from K by the n-fold annulus twist. Recall that Osoinach [Os] proved that
Note that Corollary 2.2 in [Os] explains why M Kn (0) and M K (0) are homeomorphic. In [AJOT] , the first author, Jong, Omae and Takeuchi proved that However, we do not know the essential reason why X Kn (0) and X K (0) are diffeomorphic. The second question is the following: Question 2. Is it possible to prove that
The study of the slice-ribbon conjecture leads to the following question: An affirmative answer to this question implies that slice knots in Theorem 3.1 are ribbon. However, it is expected that there exists a counterexample by a group theoretical reason (the Andrews-Curtis conjecture). A promised candidate is the handle decomposition H n,k of B 4 given by Gompf [G1] (see also [GST] ), where n ≥ 3 and k = 0.
The following question is not directly related to slice-ribbon conjecture, however, it is interesting itself: Question 4. Let HD and HD ′ be 2-handlebodies.
3 If HD and HD ′ are diffeomorphic 4-manifolds, then does there exist a sequence of handle moves without adding any canceling 2/3-handle pairs which changes HD into HD ′ ?
Cerf theory ensures that there exists a sequence of handle moves which changes HD into HD ′ . Note that an analogous problem in the dimension 3 (the stabilization conjecture on Heegaard splittings) was negatively solved (see [B] and [HTT] ).
